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We show a general form of neutrino mass matrix (M), whose matrix elements are denoted by 
^ij i^-j—^j Pi a-s flavor neutrino masses, that induces maximal CP violation as well as maximal 
atmospheric neutrino mixing. The masses of Af^^, Mj-t and M^^ + aAI^e (o" = ±1) turn out 
to be completely determined by Me^ and Met for given mixing angles. The appearance of CP 
1^-^ ' violation is found to originate from the interference between the fx-r symmetric part of M and 

Q I its breaking part. If |Me^| = |Mer|, giving either Me^ = -cre'^Mer or Me^ = -ae"-^ M*^ with 

. a phase parameter 9, is further imposed, we find that |M^^| = |Mtt| is also satisfied. These 

' two constraints can be regarded as an extended version of the constraints in the /x-r symmetric 

texture given by A/e^j = —aMer and Af^^ = Mtt- Majorana CP violation becomes active if 
arg(A^^,) / arg(Af,f,.) + 9/2 for M^^ = -ae'^M^r and if arg(A/^,) / 9/2 for M^^. = -ae^'^M:^. 
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> ! I. INTRODUCTION 

(N 

. To understand property of neutrinos is one of the key issues in the current quark- lepton physics that demands a new 
leptonic sector beyond the standard model. Oscillating neutrinos, which have been first confirmed to exist in Nature 
by the Super-Kamiokande collaborations in 1998 7|, require the presence of their mass terms in the leptonic sector P|. 
Since their masses if they exist should be extremely small, there should be a specific mechanism that keeps neutrinos 
I extremely light, which is known to be provided by the seesaw mechanism 0,01 and the radiative mechanism [^|^. 
■ Neutrino oscillations arise as a result of mixings among three flavor neutrinos of h'e,p,,T, whose masses are supplied by 
<^ I these mechanisms. This lepton mixing can be described by the PMNS mixing matrix ^ in as much the same way as 
^ ^ the quark mixing is described by the CKM mixing matrix Q . The flavor neutrinos are converted into three massive 
^ neutrinos of vi,2,3, whose masses are to be denoted by mi_2,3, and they are related to each other as vi = Uu^i for 
, £=e,fi,T and i=l,2,3, where U represents the PMNS mixing matrix. The presence of the leptonic mixing analogous 
^ ■ to the quark mixing has opened the possibility that CP violation also arise in the lepton sector since CP violation 
. ^ , exists in the quark mixing. Furthermore, CP violation is an indispensable ingredient generating the excess of the 
baryon number of UniverseH- If the leptonic CP violation exists in an appropriate form, the baryon number can be 
H I generated by leptogenesis [^. 
. . . 1 The leptonic CP violation has two sources: one from a CP violating Dirac phase and the other from two CP violating 
Majorana phases ^3 if neutrinos are Majorana particles. It has been, then, argued that leptonic CP violating effects 
show up in various neutrino-induced processes [H [13. These phases are contained in U parameterized by three 
mixing angles 9ij, one Dirac phase S and three Majorana phase /3i,2,3, where the CP violating Majorana phases are 
given by two combinations of (3i,2,3 such as Pi — (3^ («=1,2,3). We adopt the parameterization given by PDG [l6| : 
U = U^K with 

/ C12C13 S12C13 Si3e"** 

Uv = -C23S12 - S23Cl2Sl3e*^ C23C12 - S23Sl2Sl3e*'' S23C13 
\ S23S12 - C23Cl2Sl3e"' -S23C12 - C23Sl2Sl3e*'' C23C13 

K ^ diag(e^'^^e^'5^e*''^), (1) 
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where Cy = cos 9ij and Sij = sindij (i,j=l,2,3). The observed mass squared differences (AttIq, Am^j^^) and mixing 
angles (^0, 9atm, (^chooz) can be, respectively, identified with {m^ — m\, \'m\ — mW) and (^12, 6123, 6*13). These 
parameters are experimentally constrained to be 0, |3| '■ 

5.4 X lO^^eV^ < Am| < 9.5 x 10"^eV^ 1.2 x lO^^eV^ < Am^^^ < 4.8 x 10"^eV^ (2) 
0.70 < sin^ 26*0 < 0.95, 0.92 < sin^ 26i„t„i, sin^ Ochooz < 0.05. (3) 

If the CP phases are included in neutrino oscillations, it is not obvious that what types of flavor neutrino masses are 
appropriate to explain the observed properties of neutrino oscillations although several specific textures are proposed 
[lia I14L Il5l | . We have argued that the Dirac CP violating phase can be determined by [l^ 

S23Me^ + C23Mer = + C23Me^| e''^ , (4) 

where M is a Hermitian matrix defined by M = M'^ M with M being a flavor neutrino mass matrix parameterized by 

Mee Mef, M^. 

M = I Me^ M^^ M^r I , (5) 

Mer M^r Mrr 

and U^MU = diag(mi, m2, 7713).^ The relation in Eq.Q) reflects the general property that all phases in M^j = 
e,id,T) arise from S because the Majorana phases in K are cancelled in [/^MC/ giving diag.(m^, m|, m^). The same 
quantity of S23Mep + C23Mer is also linked to ^13 determined by 

, Ofl _0 |s23Me^+C23M 

" ~ slsM^f, + cl^Mrr + 2s23C23Re (M^^) - M^e ' 

In the hmit of sin0i3 = 0, we have |s23Me^ + C23Mer| = 0. which indicates that the CP violating phase 6 defined in 
Eq.0 is irrelevant as expected. Furthermore, the atmospheric neutrino mixing 623 is calculated from 

Im (Me^) 

This relation is of great signiflcance because it requires the presence of imaginary parts of Mg^ and Me^- to consistently 
define 6*23.^ 

Because the presence of the non- vanishing imaginary parts also demands the presence of a non- vanishing sin ^13 in 
Eq.®, it is physically meaningful to argue how we obtain the magnitude of sin0i3 as small as possible in order to 
get the smaller magnitude to favor sin^ 0i3 < 0.05. Since |s23Me^ + C23]V[eT| > |s23lm(Me^) +C23lm(Mer)| in Eq.®, 
the minimal magnitude of tan20i3 is achieved at S23Re(Mep) + C23Re(Me^) = 0, leading to 

Re(Me.) 

tang23 = fT,^ 8 
Re(Me^) 

and S23Me^ + C23MeT- = ±i|s23Mep+C23Mer|. The Dirac CP violation becomes maximal at Eq.Q because e~"' = ±i 
is required by Eq.l^J. Therefore, one can minimize the effect in sin0i3 by adjusting Me^.er if CP violation is maximal. 
To reach the minimized magnitude of sin ^13 for given sets of flavor neutrino masses prefers the observed suppression 
of sin^ 6*13.^ By combining Eqs.([7|l and (jSJ, we obtain that 

sin26'23Me^ = -M^^ + cos26'23Me^, (9) 

which is the condition to provide maximal CP violation. 

In this article, we would like to present a general form of flavor neutrino mass matrix that ensures the appearance 
of maximal CP violation satisfying Eq.@. To make our argument simpler, we only consider the case of the maximal 



^ It is understood that the charged leptons and neutrinos are rotated, if necessary, to give diagonal charged-currcnt interactions and to 

define the flavor neutrinos of Ue, ffi and Ut- 
^ In the case of Im(Me^) = Im(M|.T-) = 0, see the discussion in Ref. 2)3. 

^ Of course, the strength of Dirac CP violation proportional to sin 613 sin 5 gets maximized for the maximally allowed magnitude of sin S13 
for 5 = ±77/2. Our statement is purely theoretical one to have the smaller magnitude of sin^ 613 to approach the suppressed magnitude 
of sin^ 613. 
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atmospheric neutrino mixing, which is compatible with the observation. The relation between Me^^.er of Eq.© 
becomes simpler and is given by 

M,, = -<jM:^, (10) 

where C23 = crs23 = l/-\/2 (tr = ±1) for the maximal atmospheric neutrino mixing.^ We have already performed the 
similar analyses and have constructed three specific textures by guesswork so as to satisfy Ea. dlOII [20, 1^3 • However, 
we have not yet clarified their common structure by solving Ea. HlUI) in terms of M itself, which supplies necessary 
and sufficient condition on M for the appearance of maximal CP violation. 

In the next section, Sec^ we derive conditions on flavor neutrino masses that provide maximal CP violation and 
estimate neutrino masses, from which we show how the mass hierarchy of Am^j„ ^ Amg is realized. In Sec lIIII to 
see characteristic property in the texture obtained in SecEl we rely upon the ^i-t symmetry 0,113,12313113, where 
the presence of M^t — — aMe^ and Mtt = -^/i/i required, to divide M into a /i-r symmetric part and its breaking 
part. The CP violation is found to arise from the interference of these two parts, which is examined by applying 
Eq.Q) to the texture. To see the relation of our texture to the /i-r symmetric texture, the condition of lAferl — l^^e^l 
is imposed and its consequence is discussed. The final section is devoted to summary. 



II. NEUTRINOS IN MAXIMAL CP VIOLATION 



Let us begin with presenting a set of equations that determines masses and mixing angles in terms of M (20j : 

sin 26*12 (Ai - A2) + 2 cos 29i2X = 0, (11) 
{Mrr - M^m) sin 26*23 - 2Af^^cos26l23 = 2sue-'^X, (12) 
sin 26*13 (Meee"''* - A3e''') + 2 cos 26*13^ = 0, (13) 

and 

-2*/3i \ 1 + COS 26*12 Y _2»/32 \ 1 - COS 26*12 ^ 

sin 2^12 ^' sin 2^12 

^3,-..3 ^ cl,X,-sl.e-^-M..^ ^^^^ 

The mass parameters of A 1,2, 3, X and Y are given by 

Ai = C^gAfee - 2ci3Si3e**r + sj^e^'^Xa, X2 = C^gM^^ + S^^Mrr - 2s23C23M^r, 

A3 = slsMfj^f, + cj^Mrr + 2s23C23Mp^, (15) 

X = , Y = S23A4m + C23MeT, (16) 

Cl3 

and C23 = crs23 = 1/ and e"' = ±i will be chosen for our calculation. There are six constraints to have a diagonalized 
U^MU. Three of them supply three masses given by Ea. (|14(l and the other three are just Eas. (|ll|l - H13|l . 

Since M has six complex parameters, using three equations of Eas. Hll|) - (|13ll for given mixing angles, we can fix 
three complex parameters, which are taken to be Af^^^T-T- and A/^,- + aA/ee- For C23 — crs23 = l/V^ and e"^ = ±i, we 
can find a solution to Eas. (|ll|) - (|13|) consisting of 

V2M^^ = P {M,,, - aMer) + Q+e^'^ {aM,^ + M,r) , (17) 

V2Mrr - P* (Me^ - CjM.r) + Q + e"** (txAfe^ + Afer) , (18) 
V2<J {M^r + <jMee) = - ^^S i^^et. " dA/,,) + Q-B"^^ (ctA/,^ + M,r) , (19) 



where 



P= -ahze-^', Q^^_L^±^J±_ (20) 

ci3 tan 26*12 tan 26*13 2 



* The sign of S23 denoted by a is retained because, for a too large magnitude of sinSia, the smaller magnitude of sin 613 can be obtained 
if to reverse the sign results in the cancellation of S23Me;i + C23MeT ~ in the numerator of Eg. 151. 
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Therefore, M^^^rr and M^r ± Mee depending on the sign of a are completely determined by two parameters Mg^^er- 
Hereafter, we choose Mf.^.eT,ij.T as free parameters. The solution is indeed a solution to Ea. HlU|) . which becomes 

M*„Mrr + {M^r + (tM,,) + a [m;^M,^ + {m;, + aA'O M„] (= J) = 0. (21) 
By inserting Eas. l(T7|) - ((T^ into Eg. lt^T)) . we obtain 



2^2' 



(22) 



which turns out to identically vanish because of e ~ — e . The mass matrix is expressed in terms of Mefi^eT,nT'- 



M 




V2P 
V2P* 



V2Q 



1 


a 




' 





\/2g+e 



M. 



efj, 



-iS 



-a 
1 I Af^„ 
1 



(23) 



which correctly describes the maximal atmospheric neutrino mixing and maximal CP violation. The neutrino masses 
can be calculated from Ea. (|14|) and are found to be: 



mie-^"^' =A-B, m2e-^'^^ =A + B 
4Re {B*A) (> 0) , Am 



'21/33 



,2 

aim 



B\^ - \C\^ + 2Re {C*A) + -Ami 



where 



(24) 
(25) 



A = A' - GMf,r, A' 



-13 -iS 



alVL 



B 



M, 



V2 



^/2cl3 sin 20i2 ' 



C B cos 291 



sin 2^13 
2 



A'. 



-13 



The three parameters A, B and C, respectively, represent freedoms associated with Af^^, Mef_i — aMer and Af, 
The observed mass hierarchy of Am^^^ 3> Atoq can be roughly realized by the following requirement: 



efi 



(26) 
-ctA/pt. 



Ml) A w B with \C\ > |B| leading to mie-^^'^i « 0, mze^^ift ^ 25 and mae-^ 



C with Am2 « 4|BP and 



Ar 



|Cp known as the normal mass hierarchy. 



M2) S « and A ^ C leading to mie 



77126 



-2i/32 



Ar 



|Cp known as the inverted mass hierarchy, 



A and mae 



-21/53 



with At 



4Re(BM) and 



M3) A w C w leading to mie-^^'^i « -mzc-^*''^ w -B and mge-^'/^a 



known as the inverted mass hierarchy, 

M4) \B\ - |C| > |A| with C ^kB for a real fc (fc = 0(1)) leading to -rme 
4 « 4Re(BM) and Am^^^ 



with Am% « 4Re(SM) and Aml^ 



-2i/3i 



-2i/32 



Arrig w 4Re(i3*A) and Ato^^^ w |(1 — k'^)B\ known as the case of degenerate neutrinos. 



-2i/33 



B with 



M5) 1^1 > |C| > \B\ leading to 77ii6 



-2i/3i 



77726 



-2^/32 



-77736 



-2i/33 



2|Re(C*A)| known as the case of degenerate neutrinos. 



A with A777|, « ARe{B*A) and A7712 



Some of the cases differ with each other in the relative sign of niae (a = 1, 2, 3). If no cancellation occurs between 
Mgfj^ and Mer in C, \C\ ^ \B\ is satisfied because of the smallness of | sin6'i3|. 



III. USEFULNESS OF THE /i-r SYMMETRY 



Although we have succeeded in obtaining general flavor neutrino masses yielding maximal CP violation, it is not 
obvious that what kind of characteristic property is present in our texture. To see this, we use the /z-r symmetry 
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in neutrino mixings, which is defined by the invariance of the flavor neutrino mass terms in the lagrangin under 
the interchange of z^^ <-> or <-> —v^. As a result, we obtain M^^ = M^.^ and M^^ = M^-t for ^ or 
Met- = —AIef_i and Af^^ — Mrr for ^ — i^r- We use the sign factor a here to have Mer = —tyMefi for the /i-r 
symmetric part under the interchange of ^ —av^- For any textures that do not respect the fx-r symmetry, we can 

define mJ^^ = (M^^ ± (-crMer))/2 and M^^' = (M^^ ± Mrr)/2 and divide M into a /x-r symmetric part (M^j,™) 
and its breaking part {Mbreaking) 113 : 



/ Mi;^ dAfi^^ 

Afi;' A^;:) o | , (27) 

V aM^-^ -a4"^ 



where obvious relations of A/e^ = A/i^^ + Afi^', Af^^ -(T(7\fi^^ - 7\fi^^), A/^^ = A//^^^ + a4aI' and A/^^ = 
Mjilt^ — Af^^-* are used. The /i-r symmetric part is known to have ^13 — 0.^ In fact, tan 26*13 is proportional to Y as in 
Ea. (|13|l . which vanishes for Msym if Ea. (|13|l is appropriately applied to Msym, and ^13 is equal to 0. The vanishing ^13 
in turn yields cos 2^23 = from Eq. p2|l applied to Afgym , indicating the presence of the maximal atmospheric neutrino 
mixing. To see what this separation physically means, we compute Eq.Q), i.e. aM.^^ + Me,- = IcrMg^ + MeT-je^*'', 
for each parts and observe that crMg^ + Me^. identically vanishes. Namely, d itself is absent in Msym and Mbreaking- 
The non- vanishing S is produced by the interference between Mgym and Mbreaking given by Mjy^Mbreaking and 
^^breaking-^^sym in M, which Certainly gives pure imaginary value if Eas. l(T7|l - ltTOll are inserted into Eq.Q), leading 
to maximal CP violation. This observation shows that the separation of M into Msym and Mbreaking is physically 
relevant and that Msym and Mbreaking act as if they were the real and imaginary part as far as their contribution to 6 
is concerned. It should be noted that the separation shown in Eq. H27|) is a general procedure applied to any textures 
giving the maximal atmospheric neutrino mixing. What is specific to our present texture is to use the solution of 
Eas. H17|l - H19|l for the presence of maximal CP violation. Therefore, it would be possible to argue CP property of any 
textures by focusing on the behavior of the simpler texture of Mbreaking ■ 
As another characteristic property, we discuss that if we require [T^ 

|Afep| = lAferl, (28) 

then, we find another relation 

\M^^\ = \M^r\, (29) 

which is necessarily satisfied. Therefore, a symmetry that requires these two relations can be called "complex" /x-r 
symmetry. From Ea. (|28|) . we can use 

Mer = -CTzAfe^, Or Mer = -CTzM*^, (30) 

where z — e*^ with 9 being a phase parameter and the factor — cr is a matter of convention implied by Ea. p(J|) . Because 
Jof Eq.iaj is calculated to be J = ialm{P){\Mef,\^ -\Mer\^)/V2 for Msym and J = -ialm{P){\Mef,\^ -\Mer\^)/V2 
for Mbreaking , the requirement of Ea. (|28|) gives J~0 for both Msym and Mbreaking- Namely, the necessary condition 
for the presence of maximal CP violation is individually satisfied by Msym and Mbreaking although the real story is 
that their interference is the source of the presence of S. For later convenience, we introduce lu± = (uj ± zuj*)/2 for a 
complex number tu. 

For Mer = —azMef_i, it is useful to consider Af^^/Afg^, Mrr/Mep, and {M^r+(^Mee)/Me^ as well as l±z = ±z(l±z*) 
and e-"^^ = -e"-^ in Eqs.HHl-JTnil. We, then, find that 

M^^ A^^. + nMee ^ A/;, + aM^e 

M ^ M* ' M ^ M* ' ^ ' 

leading to 



^ Prom Msym, it is easy to see that the eigenvector corresponding to It's) is given by (0, c, l)/y/2 with the eigenvalue Af^^' + aMfi 
leading to S13 = and C23 = 1TS23 = 1/^2 in f/^ of Eq.Q. This result of 623 is consistent with our assignment of 823. 
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which indicate that M^^ + Mtt and M^,- + aM^e have a definite phase arg(Me^) + 0/2 and that |M^^| = is 
indeed satisfied. Equivalently, M^^ -^r is expressed by M^^ as 

Mf,f, = KMe^, Mrr = K* zM^i,, (33) 

where 



1 

71 



ailse-*' (1 + z) + — — — + ^ e-'V (1 - z) 



(34) 



^ci3 tan 2012 / \ tan 2013 2 

The texture takes the form of 

/ Mee Me^ -(TzMe 

M^-^) = Me^ KMe^ iVV 1 ■ (35) 

For a given mI)^\ k+, k_ and Mee are determined by Eas. (|ll|) - (|13|) so that free parameters are given by Me^, M^,- 
and 9 as expected. Similarly, for Mer = —azM*^, we find that 

Mrr = zM;^, M^r + aM,, = z{M;^ + aM:;), (36) 

where we have used the property that Mg^ ± zM*^=zLz{Meii ± zM*^)* . The relation of |M^^| = {MttI is satisfied. 
The flavor neutrino masses of M^^ + Mtt and M^^ + aMee have a definite phase 9/2. The texture can be expressed 

as M^""': 

/ Mee Me^ "^T^MeM \ 

M^^) = Me^ M^^ M^, . (37) 

\-<jzm:^ M^r zm;^ J 

For a given mI^\ M^^+, A/^^_ and Mee are determined by Eas. (|ll|) - (|13|l so that free parameters are also given 
by Afe^, M^r and 0. In both cases, we observe that the assumed relation of |Me^| = |Mer| demands the presence 
of another relation of lA/^^j — jMrrl- Our three textures obtained in Ref. ^20j correspond to the specific choices of 

M^,r = -crAfee in ui^'^'^ and A/ee.MT = e**Me*e_^^ in mI^\ 

Contributions to the Majorana phases can be estimated from Ea. H24|) by considering the property that A/^^ + M^-t 
and M^T- + aMee have a definite phase, which is transmitted to A', B and C . The neutrino masses are then given by 



^2i/3i _ j(arg(M,,,)+«/2) 



{\j^\-\B\)-aM^r, 



m2e-^'^' = e»(-g(M.,)+e/2) (|^,| ^ |^|) _ ^^^^^^ 

mze-^'^^ = e'(-g(A^=M)+e/2) (_ + |C|) + trAV, (38) 



for mI/^^ and 



mie-^^'^i = e 



m2e 



'>'^\^\-\B\)-aM, 
e''/^\A'\ + \B\)-<jM^r, 



for Af^; , where the possible ± sign in front of \A'\, \B\ and |C| is suppressed. The Majorana CP violation can 
generally arise if arg(Af^^) ^ a.rg{Mef,) + 9/2 for Mg^ = -ae'^Mer and if arg(M^^) ^ 0/2 for A/e^ = -cre^^Me^. 

Finally, let us comment on neutrino masses and mixings in the simplest case of = for Ml) , where Ml) is 
reduced to the similar texture to the one discussed in Ref.[30,|^ that, however, turns out to be over-constrained. 

( B) 

This case gives Ml, ' in the form of 

Afee Afe^ "f^Afe*^ 

M^^) |e=o = I Me^ M^^ M^r | • (40) 
-oM*^ Mf^r M;^ 
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It is required that M^e + (^M^r be real from Eq. (|19|l . Since both M^e and M^r are set to be real in Ref. [T^ [13 , it is 
over-constrained for the presence of maximal CP violation. The mixing angles are calculated to be: 

tan 2012 = ■ 



Cl3 



Re (Af^^) - (Afee + <yM^.r) ~ jsIItj (Re {M^^) + A/ee + <jM^r, 



. aIm(Af^^) . ,5 2V2aIm(AreM) ■ »5 /.^n 

sm0i3 = ^ — ^ — f-^te , tan20i3 = ^ — r«e , (41) 

V2Rc(Afe,J Re(Ar^^)+a(Mee+aM^r) ' ^ ^ 

and masses are calculated from 

V2ti3 Ci3sm26li2 sm26'i3 

where the Majorana CP violation arises if Af^^ is a complex number. Since there are sufhcient freedoms, the hierarchy 
of Am^jj^ 3> AttIq is readily realized. The closer relation to the ^-t symmetry in Ea. H4l)|l is more transparent if we 

notice that Re(A//i^|e=o) is fi-T symmetric while Im(A/t. |e=o) gives its breaking term. 
For comparison, we also show results for Af^'^^ with 9^0 given by 

-(CTAV+Re(K)A/e^) AfeM -<jMef, 

mI^'> \e=o=\ A/e^ kM,^ M^r I . (43) 



The mixing angles are calculated to be: 



tan20i2 = ^^, sinei3 = -^^^ze'^ (44) 
ciaRe (k) V2 

where Eq. p3(l for tan 26*13 is identically satisfied, and masses are calculated from 

A = -nM^r, B= ^^'^Z ■ C = Scos20i2, (45) 
Ci3 sm 26^12 

where the Majorana CP violation arises if arg(Af^T-) 7^ arg(Afe^i) as can be read off from Ea. l38() . The requirement 
of Im(K) = in Mu^\e=o provides the /z-r symmetric texture. The hierarchy of Am^^^ 3> Amg can be realized 
by the presence of degenerate neutrinos with \B\ ^ \C\ ^ \A\ as in the 4th type M4), giving mi^2,3 ~ a/ Ato^^^, 
Am| = 4Re(B*^) and Am^(^ = sin^20i2|i3p + cf2AmQ « sin^ 20i2|-Bp. We can estimate the effective neutrino 
mass 171/3/3 used in the detection of the absolute neutrino mass |2^, which is given by |Afee|- In our prediction, m/3/3 
is computed to be —{aMf^r + Re(K) ATe/i), which is roughly equal to Re (k) Afe^ from \B\ ~ |C| » \A\. Because of 
Eq.(g5 for Re(K) and sin20i2|-B| w Aml^^, we obtain |m^^| w v^Am^t„/tan2f?i2. 



IV. SUMMARY AND DISCUSSIONS 



Summarizing our discussions, we have found constraints on flavor neutrino masses that provide the maximal atmo- 
spheric neutrino mixing and maximal CP violation. Our texture Ea. (|23|l has three parameters given by Me^^eT.tir and 
other flavor neutrino masses are determined by Eas. (|17() - (|19|l as the solution to Ea. H10|l for the given mixing angles. 
We have also clarified that the separation of neutrino mass matrix into the sum of the ji-r symmetric part and its 
breaking part is very useful to understand how CP violating phase arises. With the aid of Eq.Q), it is shown that 
each part has no phase 5 but the interference between these two parts provides CP violation and that our solution 
indeed gives maximal CP violation. Furthermore, the appearance of maximal CP violation favors the smallness of 
sin^ 013 because maximal CP violation gives the minimum value for the denominator of tan20i3 in Eq.®. To obtain 
the observed mass hierarchy of Am^j„ 3> Amg, we have calculated the required correlation for the flavor neutrino 
masses giving five types of mass ordering M1)~M5) for toi,2,3 depending on their plus and minus signs. 

To see the close connection with the /x-t symmetric texture, we have imposed |Afe^| = \Mf,r\ and have found that 
the consistency demands the relation of |Af^^| = |AfT-r|, which is satisfied by M^^ = KAfg^ and M^-t = K*e^^Mefj. with 
Mer = — cre*^Afe/i and by Mtt = e'^Af*^ with M^t = — cre^^Af*^. These relations can be regarded as an extended 
version of the fj,-T symmetric texture with Afg^ — —aMer and M^j^^j^ = Mtt |l4j and a symmetry that requires the 
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relations of |Mep| = |Mer| and |M^^| = \MrT\ can be called "complex" /^-r symmetry. The resulting textures are 
given by 



Mi^^ = I kM,^ I , (46) 



and 



M^^) = Me^ M^^ M^r , (47) 

as in Eqs.ljSnj and ^7^. The texture M,!^'' is characterized by the fact that M^^ + M^t (=KMe^+K*e'^Me^) and 
+ (jA/ee have the common phase arg(Me^) + 9/2 and the Majorana CP violation exists if arg(M^T-) ^ arg(Me^) + 

e/2. On the other hand, the texture mI^^ exhibits the property that M^^ + Mrr (=M,,^+e*''M*^) and M^,r + (rMee 
have the common phase 6/2 and that the Majorana CP violation exists if arg(M^^) ^ 6/2. 

In the simplest cases with 6=0, the fi-r symmetry is recovered by Im(K) = for M^^^ while Re(M^^'') and 

lm(Mi, ), respectively, provide the /i-r symmetric and breaking part in M!) . In other words, we observe that 
sin5i3 is determined by imaginary parts of the textures with 6 = 0, which are given by either Im(Me^) and Im(M^^) 

or Im(K), because to preserve the /i-r symmetry is linked to sin 6*13 = 0. For Mi^\ we predict rrij^p ^ ^ Am^j„ 

because of the presence of the degenerate neutrinos with mi^2,3 ~ \/ ^nT-atm- 

It should be noted that there is no freedom in the choice of the PMNS mixing matrix because it is completely 
determined once a specific neutrino mass texture is given. Our texture Ea. l|23(l is diagonalized by Eq.(^ with 
C23 = crs23 = I/V2 and S = ±tt/2. To see if a given mass matrix can be diagonalied by U of Eq.(^, we have to check 
the consistency among constraints imposed on M. Note that the advantage to use M(= M^M^) is lies in the fact 
that fictitious phases as well as Majorana phases do not appear in M because all phases except for phases related to 
S are cancelled as stated in the Introduction. The additional constraints given by^ 

cos 2^23Re (M^,) = ^211^ (Mrr ~M^^)~ ti3X cos S, (48) 

*.3 = 5^, (49) 
Xsmd 

where X = Re(c23Me;^ — S23MeT)- In the present case, we have cos (5 = and sin 5 = ±1. The constraint Ea. H48|l 
should be consistent with the prediction of Eq. Q , which is cos 2023 — and sin 26*23 = c for the maximal atmospheric 
neutrino mixing. Similarly, the prediction of Ea. H49l) for 613 should be compatible with Eq.® for C23 = (TS23 = 1/V2. 
Our solution Ea. p9|l certainly satisfies these constraints. Furthermore, unphysical diagonal phase matrix (to be 
denoted by P) may generally arise in the left of Ui, and Uf = PUvmass is satified. This phase P can be absorbed 
by the redefinition of flavor neutrino fields v'j = P^^Vf = Uvmass\ therefore, v'^ is transformed into Vmass just by 
U . We believe that we exhaust all possible textures with the maximal atmospheric neutrino mixing and maximal CP 
violation, if they are at all diagonalized by U of Eq.QJ, by choosing a variety of Me^, Mer and M^,-. 
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